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@ Classical theory of hydrogen atom
Dirac equation



Dirac equation

Derived in 1928 by Dirac to describe relativistic motion of
electron

4-component wavefunction (x)
Anticommuting 4x4 matrices were introduced

a2 = a = az 6% =1
{Ozi,oq} i (1)
{aj, B} = 0,

Dirac equation

</h gt + ifica; - Vi — ﬁmecz) Y(x)=0 2)



e Generalization of Dirac equation to include interaction with
Au(x)

ihg = E—E-ep

ihed -V = cp — cp — eA

3)
e Generalized Dirac equation for fermionic particle is
[E—ep—d-(cP—eA)— pmc?lp(x) =0  (4)

e For hydrogen atom A=0and ep = Veouump(r) = —€2/r



Solution of Dirac equation

e Energy levels turn out to be

E=me?® |1+

e or expanding in powers of v

2 4
_ a2l o[ n 3 6
E = meC [1 T <j+; 4) O(a )]

1

n=n+j+ % is principal quantum number, o ~ 137, J -

total angular momentum quantum number

(6)



Solution of Dirac equation

e Energy levels turn out to be

E=me?® |1+

e or expanding in powers of v

2 4
_ a2l o[ n 3 6
E = meC [1 T (j+; 4) O(a )]

1

n=n+j+ % is principal quantum number, o ~ 137, J -

total angular momentum quantum number

¢ No dependence on / - there is no Lamb shift in Dirac
theory!

(6)
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@ Classical theory of hydrogen atom

Lamb shift in ordinary QED



¢ In Dirac theory energy levels are degenerate with respect
to quantum number /

e In 1947 transition 25; , — 2P; ;> (notation nl;) in hydrogen
atom was measured by Lamb and Retherford

Figure: Willis Lamb (1913-2008)



¢ Vertex modification and vacuum polarization are
responsible for Lamb shift

Figure: Vertex modification and vacuum polarization diagrams at
one loop order



 Vertex function ', changes due to first order loop effects

r- 1400 (pm 3 NN o
p = = T e\ T8 7 5) | T amar o
(7)

and corresponding energy change

6E = 6EM 4+ 5E®)

—ea [ R0 {5 1p (N7 - § - §) AR

3mm?2




SEM)

e when /=0
m _Ama . al(,m_8_ 1.5 K
0Ep (o = 37Tn3(Za) Kln 5K 8 5 + 6 +In )
(9)
e andwhen/#0
1 _ 4ma 4 Z?Ryd
6En7,¢0_—37m3( a)’In = (10)

» where Ryd = ma?/2 is hydrogen atom binding energy and
In (Ep) is logarithmic energy average



o 5E(@) contribution is

SE@ _

a(Za)* 1

;= m
mhi T 2rp3 20 41

1/(1+ 1)
Cf”:{ ey

G

ifj=/+1/20r/=0
ifj=1-1/2

(11)



o 5E(@) contribution is

@ _ o(Za)t 1
OBn1i = omm M2i7 1

{1AH4)iU—I+U2ml—O
Cj/:

Ci (11)

1 ifj=1-1/2

e so overall Lamb shift

19 _
sE., 2 Ame oo [ Mgy tw /=0
P = (8%
n,l,j 3'Tl'n3 In Ry;i +32([:f|_l1 forl;éO

(12)



o 5E(@) contribution is

@ _ o(Za)t 1
OBn1i = omm M2i7 1

o _ YU+ ij=l+1/20r/=0
P =11 ifj=1-1/2

e so overall Lamb shift

Ci (11)

19
4ma Insg~+3 forl=0

o0E, i "°>
M 3 In 2200+ §o0y fori#0

(12)
e Lamb shift value for 2S; , — 2P/, transition becomes

AEjamp = 0Eps, , — 0Ezp, ,, = 1052.1MHz  (13)
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Figure: Energy differences in different theories, H. Haken, H.C.Wolf,
Atomic Physics, 1996
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@® Noncommutative QFT
General remarks about NC QFT



At Planck Length Ap ~ 1.6 x 10~35m spacetime may be
not uniform, so

X %] = 0 w,v=0,..,4 (14)

Three fundamental constants: % - from Quantum
Mechanics, ¢ - from Special Relativity, Ap - from
Noncommutative Geometry?

hints from string theory, i.e., uncertainty relation
h( 1
Ax=——+P
X=3 <Ap+ SAp) (15)
so we get Axp, = hl2 which is consistent with (14).

from principles of general relativity and Heisenberg
uncertainty relation - large momentum required for
measurement, which creates small black hole around point
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@® Noncommutative QFT

Lamb shift at tree level



e Schrodinger equation

2
ihaatqp(x, f) — < fm + V(r)) bx, 1)

e Coulomb potential for hydrogen atom

2
=2 o \feipiz

e Commutators

p1.p) = .
[Xi, X;] = i0j,

[t,%]=0

(16)

(17)



e Idea: switch X; — x; to “frame” where coordinates commute

e Realization:

e New coordinates

o 1 .
Xi =X+ 500, P =D (18)
[xi; x| =0
pi,pj] =0 (19)

[X,',pj] = ihd,‘j



e Now Coulomb potential (17) becomes

Vi = - Ze?
v/ (Xi = 0;p;/21)(X; — Oipx /2h)
_ 2 X 2
- o2y ow
_ Ze oL-0 >
= —S -2 5+ 007, (20)

where we denote 6 = Jejbk and use L =7 x p.
e Perturbation expansion in 6:
Ze?

L-o
NC o . m
SE™ = —(nl'[j; an B |nljfz) (21)



« Value for §ENC can be found using usual quantum
mechanics

0 1 1

4 (1 0

AgJZ( T )n3/(l+ 1/2)(1+ 1) O,
(22)

2
SENG. — _mzc (Za)

Iz

with j = /4+1/2, and e ~ 2.43 x 10712 m



« Value for §ENC can be found using usual quantum
mechanics

MeC? 6 1 1
(SNC':— e Z 47.1 10j_j!
mhiz raCl) Ag/Z( T 1) w120+ 1) OO
(22)
with j = 1+ 1/2, and Ag ~ 2.43 x 10~12 m

e dependence not only on / but also on j;



« Value for §ENC can be found using usual quantum
mechanics

MeC? 9 1 1
SENC — 2 (Za)* = j,(1
R T T (R Y (R
(22)
with j = /4+1/2, and e ~ 2.43 x 10712 m

e dependence not only on / but also on j;



« Value for §ENC can be found using usual quantum
mechanics

0 1 1
4
1
/\212( 2/ + 1 )n3l(l T1/2)(1+1) OOy
(22)

2
_ meC
5En IJZ — 4

(Za)
with j = /4+1/2, and e ~ 2.43 x 10712 m
e dependence not only on / but also on j;

e Lamb shift 25 , — 2P ) is calculated to be

NC
AELamb - 5En:2,l:0,j 5E =2,/=1 /Z



e we can impose constraints on § comparing to ordinary
QFT Lamb shift result
;; <107a or 6 <(10%*GeV) 2 (24)
e
¢ not strong restriction, similar to constraints calculated for
high energy experiments
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@® Noncommutative QFT

Lamb shift from one loop corrections



Vertex correction

e As in ordinary QED, two types of corrections: vacuum
polarization and vertex correction

e Vertex function in NC QED is
M= e#pxp/fm = e_#p‘a'?’,u ) (25)

where p and p’ are the in-coming and out-going electron
momenta, respectively, g, is the photon momentum:

p'—p=gqand

pxp =p.b*p,, g'=6"q,.



Vertex correction

e As in ordinary QED, two types of corrections: vacuum
polarization and vertex correction

e Vertex function in NC QED is
M= e#pxp/fm = e_#p‘a'?’,u ) (25)

where p and p’ are the in-coming and out-going electron
momenta, respectively, g, is the photon momentum:

p'—p=gqand

pxp =p.b*p,, g'=6"q,.

e At one loop level two corrections to I,



Vertex corrections

el

(a) One loop QED-like correction to AS,'LTIA,,

/'

(b) Nonabelian-type correction to ¥uA,



Vertex corrections

e Total I factor is

M = Exy*+ Hi(p'+p)" + G1G" + Eay*p- g+ Ha(p' +p)Hv-§
(26)
e Two contributions to potential V(x) = —(P) - E(x) and
V(x) = —(u) - B(x) with

(P)i = 2iH3p; . (27)

. Gy -~
(B)= =20, 6= b, (28)
i



Vertex corrections

e Gy and Hs can be calculated
aeépol <im7Eul/er)
)

Gy =
! T 6
—aeiPxP /3]
Hy = ae? (3/7Eu//er> ‘ (29)
T 4
¢ and total potential for vertex correction to first order in 6
2 - —
1L Ze 2 L6
VNC"S‘;teX = —HWEul/erOZ(3 - §)ﬁ (30)



Vacuum polarization

s o
@
NC QED gauge field couples to %ﬁ
itself as in ordinary non-Abelian
theory, therefore to first order in o) ©

6 vacuum polarization diagrams WOW
are

()



¢ Total potential correction including modification of
propagator is

4o
1L 2 2 23
Vpro%"p(r) =———1In(ON°) — Ze 15)\ 5°(r)y, (31)

where A is momentum integration cut-off.



¢ Total potential correction including modification of
propagator is

4o
1L 2 2 2¢3
Vpro%op( )= ——r—ln(ﬁ/\ ) — Ze 15)\ 5°(r)y, (31)

where A is momentum integration cut-off.
e Summing vacuum polarization and vertex correction
potentials we get
S5a

1
Loop — Emec (Z”) [ 3

1

AENS S+

In (0A2)—

+

i 1
2020 coie- 2y U ] gy

2 el 3)n31(/+%)(l+1)

¢ We notice that the second term of overall hydrogen atom
energy shift from one loop corrections (32) is same as tree
level result (22) but multiplied by additional factor
Yeurera(3 — §)/m. The first term is absent in tree level
calculation and gives logarithmic dependence on
momentum cut-off parameter A.
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Thank you for attention!
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