Plasma in thermal equilibirum

Start the discussion from equilibrium statistical mechanics

Let there be N particles in plasma N/2 electrons, N/2 ions.
Assume that the plasma is in thermal equilibrium at temperature T.

The probability to find the particles in locations (ry,...,rx)
is given by the Gibbs distribution
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Coulomb potential potential of
of plasma particles external fields

The probability to find particle 1 at ry is

ol = /Dd“,-g...(ﬂw

If there are no external forces, F; = 1/V (V is the volume)

The probability to find particle 1 at r, and particle 2 atr, is

Fy(ry,ro) = / D drs...d*ry
etc.
Fu(r1y o Ts) = /Dd iy 1.8

Fy....,Fs are called reduced distribution functions

At the limit of non-interacting particles: W, — 0
Fo — Fy(r1)Fi(r2) - Fi(rs) = 1/V*




Mayer cluster expansion for interacting particles (notationr; — 1)
F>5(1,2) = [14 Pia(1,2)]F1(1)Fi(2)
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Atplasmalimit: A > 1 the Coulomb interactions are weak =

Tioz3 < P < 1
and we need to consider pair correlations only (a big relief compared to
ordinary gases where higher correlations are important)

P is symmetric Pi5(1.2) = Pia(|ry — rof

Note that the complete Gibbs distribution depends also on velocity
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The velocity correlations become importantin relativistic plasmas

We neglect them here.

Differentiate F; with respect to r,, set s =2 and assume 743 <« Py =
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Number of particles

of species a and here is the

Debye shielding
This can be solved by Fourier transformation yielding / again

q192 _ exp(=|r1 —r2|/Ap)
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Pia(|ry —ro|) = —

Pip < 1isvalidif |ri—ra3| > Ap

The Mayer expansion is valid also Plasmais very good ideal gas
inside the Debye sphere, where  — kT 40 <i)

Pia oc 1/|r1 — 1o = '/B “\A

as long as the distance |r; — ro| non-interacting

is larger than the average particle particles weak pair
distance at temperature T correlations




Klimontovich equation approach

In reality plasma is seldom (if ever) in thermal equilibrium. There are different
ways to find useful plasma equations independent of thermal equilibrium

Start by finding the exact density of particles in the 6D phase space (r,v)

Consider a single particle whose orbit in the phase space is (R (), V(1))
The "density” of this particleis  pirac's delta functions

N(r,v.t) = 43[[‘ — va(f)}(\‘[v — Vl(f)]

i.e., at a given time the particle is at one point both in r and v

Sum over all particles of species « gives the density function N,
That consists of a VERY large sum of ¢ functions!

Write the equation of motion under the Lorentz force for all particles
and sum over all particles of species «
— the Klimontovich equation for N,
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This is still a very detailed description and the integration of the Klimontovich
equation involves integration of a large number of & functions.

We can take ensamble averages of N, and the Klimontovich equation
Denote the ensamble average of N, (r.v.t) by fa(r,v.?)

What does this mean?

Prepare an infinite number of realizations of plasma according to some
prescription, e.g., all in equal temperature and each with a test charge
at a given point, take average over all these realizations

— f, consistent with Debye shielding

This procedure leads to the Vlasov equation
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Note that the steps taken above are not trivial, in particular the calculation
of the derivatives of the § functions!




Liouville equation approach

Instead of starting from individual particles and & functions we can also
start from a general distribution function in a 6N dimensional phase space

F(ry,...,rN:Vq, ..., VN 1)
W|th norma“zation fF‘]R"l e 41“5["\74/3”1 s ~(I3I'N =1

For a plasma of N/2 electrons and N/2 ions in theromdynamic equilibrium
this is the Gibbs distribution, i.e., F = D.

Again F contains all information of all particles and is thus quite impractical.
As in the thermodynamical equilibrium case define again reduced distribution

functions as ) ) , )
Af‘L(\U(l‘lAvl. t)y=V /1"1['51'3 o dPrydiuy - - dPoy

@ , etc.
fag(ri,r9.vy, Vo, t) /144/13 . 411\(1 v3 -'~l,31']\7
V is the volume where F is nonzero for all ri,ra,....rx
Statistical physics tells us that F satisfies the Liouville equation
oaF XN /oF OF o d 9 dr 9 dv 9
- LV cal ) = I oSt e
ot + Z (Ori Vi + ()Vi a; ) =0 reca dt ot dt or dt Ov
= \acceleration by all forces
and interactions
Integrate this over all coordinates except (r{,vy) =
5 (1) o (1) .
) fa ) fa . F ; : y
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Here the total number gfparticles is assumed to be conserved
If there are external forces only, we get again the Lioville equation
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The total interaction term is ,
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Interpamcle interactions




We have reached a chain of equations where the equation of motion for

the single-particle distribution function depends on the two-particle distribution.
Writing a similar equation for two-particle distribution, we get dependence of
three-particle distribution and so on. This is known as the BBGKY hierarchy

This chain becomes soon intractable and some physical insight is required
to truncate it. We do it at the level of f@ . If the interparticle interactions were
strong and of short range we would end up with the Boltzmann equation
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But in plasma the interactions are long-range (Coulomb) and weak!
Fortunately the combined effect of remote charges is, on the average,
stronger than the acceleration by the nearest neighbour.

For an individual particle the average acceleration (a"*t)

is similar to the acceleration by external (Coulomb) forces a”

Thus we can write for the acceleration a; = af + (a™*)
and take into account the binary collisions, if needed, in the form

f 7(:11? v (3 (3‘
() gl &y

this collision integral is in general rather complicated
and requires use of approximative methods

Assuming that the only external force is the Lorentz force we finally
have the Boltzmann equation of plasma physics
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Of course, also Maxwell’s equations V- (E) = —
must be valid at the same -
. . 1 9(E)
average (macroscopic) level Vx(B) = pud+—= T
C

Note that the integral of F was normalized to 1. , ; )
We get the familiar normalization by defining fa = (NafV)fa




Distribution function

(xv)
dv 2D z phase space

‘dx' X

Aplasma particle (i) is at time t in location r;(¢) and has velocity v,(¢)

4 The distribution function f(r,v,#)
5 gives the particle number density
in the (r,v) phase space element

dxdydzdv,dv,dv, at time t

The units of f:
volume= x (volume of velocity space)~!
= ®m*

Normalization: / /f(r. v, t)d*rd®>v = N «— total number of particles
JV Jv

Sometimes (in particular in mathematical physics)
the distribution function is normalized to 1.
Average density: (n) = N/V ; density at locationr: n(r,t) = /f(r. v, t)d

[(v)
Example: Maxwellian distribution
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Exercise: Integrate this over e | L. Ve
the 3D velocity space to get n "
Hint: 7 exp(—z2)dr = /7 thermal velocity

oo (velocity spread)




Examples of distribution functions

f(v) fv)
F(0) ( m )3/2 ( m(v~Vn)2>
v)=n|o—a—m eXp\ ——5 7 —
Maxwellian 27kpT 2kgT
Maxwellian in a frame of reference
‘ that moves with velocity V,
0 v 0 v v

Anisotropic (pancake) distribution (v; || B)

7 i n m 3/2 . nu'i ””'ﬁ
JvL, )= TLTHI/Q 27kp exp T EI-'BT”

Can also be cigar-shaped (elongated in the direction of B)

Drifting Maxwellian

f( ) i ( L )3/2 m(v. —voi)? "“.‘\2\
v, )= —= [ =—— exp | — = =
J v,y TLTHUZ kg I 2hkpT, ZL'BJH

Magnetic field-aligned beam (e.g., particles causing the aurora):
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flvr,y) = 7,717 \ kg P\ T95aT, 2k5T]
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Loss-cone distribution in a magnetic bottle:




In reality plasma distributions are not really Maxwellian.
The next approximation: Maxwellian with a high-energy tail

The kappa distribution Maxwellian distribution
The tail follows a power law

FW) o (Wo /W)~

3/2 b —(Kk+1)
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[f»} = m~0s? r-function energy at the peak
of the distribution

log (Wp) log (W)

energy

Observed particle distributions often resemble kappa distributions;
a signature that non-thermal acceleration has taken place somewhere

Distribution as a function of energy

Consider a Maxwellian distribution

y - 3/2 W i 5
flv)=n m exp *]‘_'7 where W = mv /2

How to replace f(v) with a function of W ?
g(W)dW = f(l')(lgt' o dPo=4m®do o dW = mudo
2AAW — (rq 1/2 f (U is here just a placeholder for
"(v)

g(W) =4r [T a velocity independent potential)

However, distribution functions are not measured directly.
The measured quantity is the particle flux to the detector

J(W.a,r) isthe differential particle flux per unit area for given energy,
pitch-angle and location.

The particle flux thorugh the surfaceis n v,

A )
velocity normal to the surface




Consider particles in the velocity interval dv and arrive in the solid angle dQ
Then the number density of particles moving with velocity v in the unit
phase space volumeis dn = fv2dvdS

Multiplying this with v, we get the for the differential flux the relation
J(W, a, 1)dWdQ2 = f(v), v, a,r)v’dvdS
As dW = muvdv

we have the relationship between the differential flux and distribution function

J(W,a,r) = in(t'H. v|,a,T)

Maxwellian distribution

)

Recall the representation
of Maxwellian and the
kappa distribution as flux
Vs. energy

N

102

. Kappa distribution
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log (Wp) log (W)

energy

Vlasov and Boltzmann equations
equation(s) of motion for f

of _

—+v-—+ —(E4+vxB) —
‘ m av

0 Vlasov equation (VE)

Compare with the Boltzmann equation in statistical physics (BE)
of of F of (()f')
— Ve—4+ — . — = —
ot Jr m  Jv at ).

Boltzmannderived (9f/0t). for strong short-range collisions

In plasmas most collisions are long-range small-angle collisions.
They are taken care by the average Lorentz force term

of af  q af af
ot Ve or " Z(E +vxB)- ov _ \ot )T large-angle collisions only
. e.g., charge vs. neutral

Ludwig Boltzmann

VE is often called collisionless Boltzmann equation

(M. Rosenbluth: actually a Bolzmann-less collision equation!)




Velocity moments of f
f fd3v: f vf du f vvf dv
n(r,t) = / f(r, v, t)d> Density is the zeroth moment; [n] = m-3

The first moment:

T.(r.t) = /v_]"“(r.viz‘):lgr Particleflux; [I"']=m2s1

vy , 73,
Val(r.t) = M Average velocity = flux/density, [V]=ms?
J falr,v.t)d3o

| DO NOT EVER MIX V(r.t) and v( !! |

Jo(r.t) = gaTa = ganaVa Electric current density, [J]=C m2s1=Am=2

Pressure and temperature

from the second velocity moments

Pressure tensor Pa(r,t) = ma /(v — V)V = Vo) fulr, v, t)d3v
JoN

dyadic product — tensor

If P,=p.Z where 7 isthe unittensor, we find the scalar pressure

Do = ”;“ /(v — V)2 falr., v, t)d*v = nakpT, introducing the temperature

. N (G ( 3
; oy rrebiy
=0:  SkpTa(r.t) === : T K.E.
AssumeV=0:  skeTa(rt) =55 0 5 v x

Thus we can calculate a "temperature” also in non-Maxwellian plasmal!

Magnetic pressure
(i.e. magnetic energy density)

_ 2p03 o nakBT
- B

thermal pressure / magnetic pressure

B2 /20
3 <« 1 B dominates over plasma

Plasma beta 5} 3> 1 plasmadominates over B

3rd velocity moment — heat flux (temperature x velocity), etc. to higher orders...
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Macroscopic plasma description

Macroscopic plasmatheories are fluid theories at different levels

¢ single fluid (magnetohydrodynamics MHD)

¢ two-fluid (multifluid, separate equations for electron and ion fluids)
¢ hybrid: fluid electrons with (macro)particle ions

Macroscopic equations can be obtained by taking velocity moments of
Boltzmann/ Vlasov equations

n Ofa Ofa o O fa 3 I fa 3

. E B) - By — By

]v (c’)f TV % +;D.(),X Vv ) ot )0
ordern ordern+1

Taking the n'" moment of BE/VE introduces terms of order n +1 !
This leads to an open chain of equations that must be terminated
by applying some form of physical intuition (again!).

The collision integrals can be very tricky!

Continuity equation

We start from the Boltzmann equation

Ofn Ufa e é)fa afo
: ;G EtvxB) 2o (%
or TV o ar T, EAV B0 at ).

and calculate its zeroth velocity moment.

¢ The first term gives trivially the time derivative of density.
* For physically relevant distributions (f, — 0 when v — ~)
the force term integrates to zero (exercise)

« In absence of ionizing or recombining collisions, the collision integral is zero

o . i
/v~ O g, _v. /vfn d*v =V (naVa)  SXCrCise

or here we get a first moment term
on, - .

= T‘ +V - (naVa) =0 Continuity equation
C

Multiplying by mass or charge we get the continuity eqs for these
('—)/'mu 0/'1]0

IPma o _ ' i
ot V- (pmaVa) 0 5 T v-J, )

General form of conservation law for F : OF _

(Gis the flux of F) Sy TV G=0
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Momentum equation (equation of motion)

To calculate the first moment, multiply BE by momentum v and integrate

V.
N -na-mf,,(aifa +1nama Ve -VVy —nag(E4+V, xB)+V -7,

exercise of
=mg, |V ﬁ 4o
ot /.

This tells how momentum is transported in plasma
Now the convective derivative of V.V, - V'V,
and the pressure tensor P, are second moments

The electric and magneticfields  v.E = Dode | Pest
i ’ i €0 €0
must fulfill Maxwell’s equations P
1 OE
(pest- Jeut) are external sources v x B = _')(‘Tf + 110y MalaVa + fiodest
c* €
[}

Note that the collision integral can be non-zero, because collisions transfer
momentum between different particle species!

One approximation of Of
:S.N_Z —Va) ()
the collisionintegral is "' /V ( ot > @ Mafia(Va = Va) (Vag)
c B

Energy equation

Calculate the second moment (multiply by vv, and integrate; rather tedious)
— heat transfer equation (conservation of energy)

The result can be written as (after a number of simplying approximations):

Total time derivative d/dt = /0t + V -V of temperature isotropic part of
pressure tensor

3 aTa
“naks (7 TV, VTG.) TV -V,

Pl

kinetic energy

2

- -9 changes due
ey . O [(nama Vi lisi
=-V-H,— (P,-V) V, +a HalllaVa to collisions
effects of pressure ¢
anisotropies

The scalar pressure and temperature have been related in the calculation
through p. = n.kpT, (plasmais almostideal gas; explain why!)
H is the heat flux (3" moment) — go the the next order, etc., etc.

To close the chain some equation relating the variables must be introduced.
If heat flux can be neglected, the closure can be done at this level by, e.g.,
introducing an equation of state.
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Equations of MHD

To derive MHD equations we first define single fluid variables as

Pm(T,t) = Z NaMMa mass denSIty
a

pqlr,t) = Z Naa = €(n; — ne) charge density

et

Vi, t) = > ama Vg

> macroscopic (fluid) velocity
o a Mg

J(r,t) = nagaVa current density

Plr,t) => PIM(r,t) total pressure tensor

where 'ng‘”(r. t) = meq /(V —V)(v— V)fallxr

are the pressure tensors of each species in centre of mass (CM) frame

By symming up the continuity egs. 0{'"' +V-(pmV) = 0

for different species we get the ot 5

continuity egs. for mass and charge ‘j% +V-J = 0
C

The momentum transfer equation is the sum of the corresponding equations
of each species (exerc)

o (%+V~vv) =pE+JxB-V.P
ot / \

Cf. the Euler equation of fluid dynamics + electric force + magnetic force (Ampere’s force)

¢ plasma has been assumed fully ionized — the collision terms sum to 0

« electric force typically negligible, but the J x B force is essential
¢ non-linear terms make solutions difficult

V.-VV J x B x B?

The current transfer eq. ("generalized Ohm'’s law”) is much more complicated.

Multiply by ¢a/ma and sum over a (here only e and i, i.e., two-fluid case):
03 nada
(,7+V~(VJ+JV—VV/)(,)~Z—E

.
(a3

2 2
e? e\ pmV x B em;  eme JxB
pl—g B T — (S ey SR
me  mi) Mme+m; Me m; ) me+m;

e HCMMe oM 9 fa 3
_ | pEM € . Pt - 1°v.
II)(-V (P, = Pf > + Zk./qu< o1 )(‘l 1
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To make Ohm’s law more transparent, let's againmake some approximations:

Introduce the average collision frequency v as:

A f, .
Z/dav (%)Cclsw = —iJ

This makes sense: Leaving out all derivatives and the magnetic field and recalling
o =ne?/vm. we get the simple Ohm’slaw J = oE

Some of the terms in Ohm’s law are smaller than others  ~ m./m;

Typical approximations:
¢ In macroscopic considerations the quasi-neutralityimplies ¥ - J = 0

¢ When considering small perturbations to equilibrium, second order quantities
VJ, JV, VV can be omitted

J o1 1 . 83
= E+VxB="+—JxB— —V.P 4 <%
N rrj ne 4 ne ne< Ot

~
MHD Ohm’s law / neglected in basic MHD due to
Hallterm * Slow temporal variations
Case 0 — ®: » weak spatial gradients
ldeal MHD: [E+V xB =0 |

Energy transport in MHD

Also the energy transport equation can be cast in the conservation form

a [pmV? B?
Emeais

ot | 2 v =1 2

=-V {
divergence of energy
(heat) flux

"
temporal change of energy
"Poynting theorem” of MHD

V2 A.- B2 B J
H = (”,—+i+—)V——(V+—) B+
2 v =1 1o L0 ne

IJxB IB? meB 9]
+ B) X —=.
g} jone  prone ot

In the case of adiabatic ideal MHD, the energy equation can be written as

) n v2 -) m 72 A’ )
((/r,‘ L P +B—)+\—~<l)‘V+A'1'V+LXB):1)

(Tf- 2 y — 1 2/10 2 Y — 1 1245}
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Equations of state

Determining the appropriate eq of state is non-trivial. In a real plasmathe
different particle populations (e, i) can have different thermodynamical behaviour

Assume isotropic pressure: P = pT
In isothermal processes T=Ty=const. : p =nkpTy

This is valid if the system has time to thermalize with an external heat bath
fast compared to time scale of the process.

The opposite limitis called adiabatic. In that case the system does not
exchange energy with its surroundings.

Write the RHS of energy eq. (prev. slide) to zero and use d/dt = 9/ot +V -V

3 dT Tf'ln specific heats in const. p & V

2" T ar /|

y=1 v | adiabatic: v =c¢,/c, =5/3
= T:TO (L) . 1):1'”<H> P /

=

10 no isothermal: ~ = 1 \

i ini isobaric: =0 for 3D
vy is the polytropic index ometre - — T onoatomic
isometric: = gas!

MHD equations for isotropic pressure

dpm

o +V-(pnV) = 0
0
I'm(LTt+VT)V+v])*JKB = 0
C
E+VxB = J/o closure by

( n )/ equation of state
P = p(—

= —VxE displacement
VxB = puoJ. ~—  current neglected
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Double adiabatic (CGL) theory

(anisotropic MHD is tricky)
Start from the ideal MHD

(‘)/;m
ot
%)
prm <,;—f+V-V>V+T-‘P—JxB - 0
C
E+VxB

+v . (/’171V) = 0

but let the pressure tensor be diagonal and gyrotropic

At individual particle level

0 ¢ 4
P — [:,L N the dynamics perpendicular
I [“L and parallel to B are
Pi different
p = nkgldj
Assume further that .
pL = nkgTy

Consider the adiabatic case and recall from thermodynamics that
v = (d+2)/d whered isthe dimension (e.g. 3D): ~ =5/3
Now the parallel space is 1D (v = 3) and the perpendicular 2D (7 = 2)

But this reasoning is WRONG, because the parallel and perpedincular
dynamics are coupled to each other (e.g., the mirror force)!

Assume that the motion of individual particles is adiabatic,then |4 ,
p=Wi./B & {(u)=*kgT /B=py/(nB) areconserved = |qt (,;B) =

The parallel motion is more complicated. With some simplyfying approximations
(e.g., neglecting the heat flux) we get

5 2 These equations are known as double
d (mm) d (PB ) .

s adiabatic theory (or CGL-theory after
‘ Chew, Goldberger and Low)

n® Tdt n3

Writing the pressure tensor as P = p I+(p—p.)bb
the momentum equation is split into two parts

A% B2 (B-V)B /pL—7p|
= =10
prm ( dt )L +V. (PL * ‘2/10) 140 < B2/ o + 1)

dV VB
P\ g | +Vyp + (L —p)) 5 H =0.
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Inthe CGL theory 7', ~ B ; T x (n/B)*

But this is not true, e.g., above the auroral zone

The problem is at least partly in the neglection of heat transfer:
Particles leaking out from the magnetic mirror carry heat with them
away from the system.

Actually the CGL theory does not seem to be very useful in practice.

Note that the in the CGL theory there are no constant polytropic indices
Assuming p| xn7l and p, x n7- we can derive expressions
In(B/By)

In(n/ng)

5 In(B/By)

In(n/ng)

YL =

Ml

These are related to each otheras 7+ 27, =5
but both of them vary in inhomogeneous plasma

Some remarks

¢ Collective effects of free charges determine the behavior of the plasma as
an electromagnetic medium

¢ Collisionless space plasmas may have properties, that are difficultto cast in
the form of constitutive relationships

— e.g., above auroral arcs there is a large-scale current-voltage relationship but no
local Ohm's law

¢ Plasmabehaves nonlinearly

— Vlasov equation is nonlinear, magnetohydrostatic equilibrium is nonlinear, etc.

— linearizations are often useful, e.g., to find the normal modes of plasma
oscillations, but the observable plasma oscillations are either damped or grow to
nonlinear level leading to instabilities

e Plasmais turbulent

— plasma turbulence is an even more complicated issue than ordinary fluid

turbulence
¢ Plasmasystems often exhibit chaotic behavior

— concepts of chaos, such as self-organized criticality, intermittence,
renormalization groups, etc., are important in theoretical plasma physics.
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