Vlasov theory

How to solve
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Integrate over the (r,v)-space = % / e fad®rd>v = 0

Positive probabilities remain positive in the Vlasov description:
If fo(r,v,t =0) > 0 for all (r,v), then fu(r,v,t) > 0forallt >0

VE has many equilibrium solutions

Boltzmann’s H-theorem: In the collisional time scale
the Maxwellian distributionis a unique solution. But forus 9f/ot|. = 01

Let f.o be any Vlasov equilibrium, then 9f.q/0t = 0 and thus
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Consider an orbit (r'(+'), v/(¥')) that intersects the point (r,v) attime ¢ =t
If a(x’,v’), b(r',v’),... are constants of motion, then any function

faola(r'. V'), b(x'.¥v')....] satisfies(*) attime t =t

Thus any function faola(r.v), b(r.v),...] isa stationary-state solution of VE




Examples:

Eo=By=0
Constantsof W = ”A;ﬂ (V3 + 03 +2)
motion are P = mav.

Withthese we can construct, for example, the following equilibrium distributions
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Eo =0, Bg = Bo(r)e.
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One set W = — (v +v,+v;)
of constants Pl = Mavs
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One of many equilibria for constant B, is
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Landau’s solution of VE
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Very hard task in a general case.
VE is nonlinear, thus we linearize: E = Ej+E Lev Landau
B = Bo+B,

Consider a homogeneous, field-free plasma E; = By = 0
in an electrostatic approximation: E; = —V1; By = 01
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Vlasov tried this at the end of the 1930s using Fourier transformation

The linearized VE is now

. > O fan/0v
— an integral of the form —dv
J —o0

w — kv

pole along the integration path, what to do?

Landau’s physical intuition: The perturbation must appear at some instant
— consider this as an initial value problem in time, make Laplace-transformation,
and look for time asymptotic solutions
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fax(v,t) W /f(,l(l\ v, t)exp(—ik - r)d®r Fourier transform in space
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fnk(VJ’) — / f“k(v_f)k.xp(_lﬂ»),[f . R"‘([’) > po Laplace transform in time
0
and the same for ¢(r,t)

Solve the algebraic egs for f.x and ¢k and take the inverse transformations:
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The transformed equations are

o [ Ofa0) -
.muvfzﬂw+u1_<k_;iﬂ);k
C

A'?‘Y:k = _Z”n‘[n/.fakrl v.

€0

(p+ ik - V) fax

Solve the potential:
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contains all |nformat|on we usually are interested in, thus we do not
need to calculate the inverse transformationsin practice, but we must
know how it should be done in order to calculate the integral in K

Make the integral one-dimensional:

Foo(u) = /fno(yV)(i (11 - %) d®v

F"“k(ll) = /fuk (5( |]| ),]Rl'
Do O Fqo( ") P
= K(k.ip)= } / ol)/Ou du : Re(p) = po
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The inverse transform of ¢k

ak(u.t =
notine — Tt clu.
poteoc Z qla/ 1”+”‘H“

KR ow(t) = f IS exp(pt)
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can be calculated in a closed form only for some specific equilibria F,,o
and initial perturbations F,y(u,t = 0)

Landau: Look for asymptotic behavior when + — ~ i.e., when the initial
transients have disappeared and the normal modes of the plasmaremain




In order to integrate

ak(u.t =
notine — Tt clu.
poteoc Z qla/ 1”+”‘H“

ET ) . dp
Wow(t) = f Kk, p) exp(pt) 27i

Pp—100
we consider the analytic properties of ¢k (p)
By definition it is analytical when Re(p) = po

In order to apply residue calculus make an analytic continuation of ¢x(p)
to the entire p-plane, but how to continue

to Re(p) < po ?

Assumethat g(u«) is analyticwhén |u| < o

If Re(p) > O the pole of the integrand is above the integration path

The analytic continuation requires (exercise) that the integration contour
Passes below the pole also for

Re(p) < 0: +oc (w)d
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This integration path is called the Landau contour and denoted by [,

The only singularities in

ak(u.t =(
potioc 72 ”a(fa/ Pt /‘,l!‘u

2 iy dp
Mell) = [ Kk, ip) exp(pt) 271
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are the zeros of K (k. ip)




In order to calculate

the p-integral move } Im(p) Im(p) 477 Po
the integration path . o
(—ioco — ino) so far path of ; .
. -integr: .
to negat|ve R"([') Poles of ¢ _—1»x p-integration ;,9
that exp(pt) \x E\)
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con@ribution of the O Re(®) - Re®)
vertical parts of the \ [ E
integrationto vanish 3 —3)
and the only thing that ] 4‘ ;x difm'mxed p?yh
is left are the residues i . ‘: il
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than the residue term as

Thus the time-asymptotic solution is

ZR exp(p;( Z]? exp(—iw;(k)t)

are the solutlons of

k(t — )

where w; = w, +/w,

i _ OF 50(u)/0u
I\(k.w):l—Z / I du =0
Re(pj) <0 = w; <0 ¢y is damped
Re(pj) >0 = w; >0 ¢k grows (instability)
Normal modes: |w;| < |wy|
A short-cut to the same description:
L2 ; o
[o%) k- df ‘Q/U’V
) pa o 3.
Take Vlasov's approach = 1+ Eﬂ: 2 kv d?v=0
Include weak collisions with the model df/dt|. = —v(f — fo)

and let at the end

v — O+




Normal modes in a Maxwellian plasma

Assume E;=Bg;=0

Mg P .
F.o= m exp(—u?/v3,,) 1-D Maxwellian
7 p
AN 2T,
Uthae = o=
[a%

The Landau contour is non-trivial as the integrand of

DF a0/ 0u uF 0 .
———dur~ [ —————du divergesas u —

w—w/|k]| u—w/|k|

This can be solved within complex analysis and the result is expressed
In terms of the plasma dispersion function

o0

1 exp( —z2) )
Z(()=— ———2dx ; Im(¢) >0
VT z—¢
—0o0
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Considering electrons only _ Ype @\ _
. . ] = et =0
(ions as non-moving background) k2vg,. kvipe

For normal modes |w;| < |w,| expand the dispersion equation around w; =0
2 = =
Won . 19} UFQ()/(')H [ OF.0
1-— : 1+ tw; = P | —————d i [ —— =0
Z k2 < + 2 Ii)w'j) |: (/ 2l — w'/';’/|1"| au + me ( O i

Long wavelength limit  w/k > vy,

OF\0/0u /OF,,Q ( 1 u u? )
—P/é(/u: - — + 5 + —+ ... | du
J w—w./|k| J 0w \w/|k|  (w/|k])2  (w/]k])?

Neglecting ions (background) and using a Maxwellian distribution for electrons:

" R ,
wr 2 wpe(1+ 3K2AL Y2 & wpe(1 + if\:z/\%;f) Langmuir wave

m w

'pe i 3
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wi = 8RN | exp ( Esey 2) Landau damping




An alternative route to the same same result
OK(w,. k)
Aw,
complex function containing
i AOF .0/ 0u
lim ———du
1€

0t ) uw—w/|k] —

Expand K around w; =0 K{w, k) = K(w, k) +iw;

Thus K(w. k) = K. {(w. k)+-iK?(w, k)

()F 0
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The Landau contour is not given explicitly, but taken care by ¢ — 0+
Equating the imaginary parts
—K;(w,, k)

w;=——" "2 where K, fulfilsthe dispersion equation K, (w,.k) =0
OK, (wr. k)/(’)w',-

The ion acoustic wave: Look for a solutionwhen T. > T;

in the phase speed range [kBTi < % < kpTe
m; D Me

For ions this is the long wavelength regime but for electrons vy, < vy,
and we must look for short wavelength expansion, that can be written as (exerc.)

OF 0 /B )N
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ftifwf|k|(il /d(t }(r
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Assume Maxwellian 7 = 172t k2%,
distributions for 2 1/2 2
both species: Ki = ny 2 ( Mo ) e 2 oxp (—&)
k* \ 2wkpT, kBT, |k| 2k2kpT,
D)

w2 = "”‘f) s /keTe ion-acoustic wave

223, m; ion-acoustic speed

— _L the damping is very strong unless 7. > T;
IK, /Uw‘,-
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Physics of Landau damping

Landau’s solution was met with scepticism:
VE conserves entropy, but damping indicates dissipation!

Take a closer look at the perturbed distribution function f;(t)

fak(v.t=0) qa i;‘kk . (i')f,}u/()v
(p+ik-v) me (p+ik-v)

po+ioc

f(xk(v-]') —

fak(V,t) fak(V,p)exp(pt)dp.
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fax(v.p) has the same poles as ¢k(p) thatgive the solutionsof K = 01
andapoleat p=—ik-v

Atthelimit t — >0 fox = fop exp(—ik - vt) + Z for exp(—iwit)
Wk
B for "ballistic”, every particle these are damped
remembers the initial perturbation at the same rate as ¢1(t)
wherever it moves in the phase space

fo + £y Lo+ £

Whent increases the ballistic
term becomes increasingly
oscillatory in the velocity space
and its contributionto ¢1(#)
behaves as

2 1 - i ; 3 0 !
k ok = T“ Z o / fapexp(—ik - vt)d 1T — 0
« — X
Thus all information is maintained, but it does not show in observable E
This was demonstrated in laboratories in the 1960s in the following way:

Launch a perturbation at time t; with wavenumber % = k&
fa = fao + faxi(u,t =t1)exp(ikru(t —t1)) + ...
and let it damp away. Launch a second perturbation at t, with /& = ks

Add this to f., and do not linearize!
/15‘ order — 2nd order

fo = fao+ f((j()l exp(ikiu(t —t1))+ f((‘i{).) exp(ikou(t—t2))+ f,?) +...

fg?) 2 fiafﬁé exp(ikqu(t — t1)) exp(—ikou(t —ta)) : t > 1o




Attime t=t3 definedby Fki(ts —t1)— ko(ts —t2) =0
fg?) = fiL)LfiL)Q exp(ikqu(t — t1)) exp(—ikou(t —ta)) : t > 1o

is not small.
This gives rise to an observable charge density
pg ~ /(/11 exp(ikiu(t — t1) — ikou(t — fg))fli%l)(q_kl)

Electric field
first wave second wave echo The Landau echo
I ] I . . .
} : } "beating” of the ballistic terms
! 1 of the first and second perturbation!
| |
I
I
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Thus the Landau damping does not contradict
the conservation of entropy in the time scale 7 < 7.y

Vlasov theory in general equilibrium

Inclusion of background magnetic field, inhomogeneities etc., soon
lead to technical difficulties. The general method is as follows
4] 7] doo vy Jd | . oo oy dfao
Ve By 4 v X Bo) - o | fa1 = ——(Ey + v x By) - =22
ot ar  mg ov Me ov
background fields perturbed (wave) fields

Method of characteristics or integratioryover unperturbed orbits

Define new  dr’ , dv

variables  ar _ © Car
with boundary conditions v/'(t/=t)=r: V(' =t)=v
Consider f,i(r'.v'. )

dfor (r', v/, 1)

dt’
_Ofar (Y V) dY Ofar (Y V) L dv' Ofa(r, v 1)
o ot dt’ ar’ dt! ov’
Yo ) A fao(r',v')

o [E1(r'. ')+ v/ x Bi(r',t)] o
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Attime ¢ =+t far(r'. V. ') = far(r,v.t)
and at thattime df,.,;(r'.v'.t)

the solution of dt’
—_ ('—)ful(r’-v,-f,) dr’ (f)f.ul(rI'vI-f,) av’ (‘)f(\l(r,~vl~f,)
o ot dt! or’ dt’ ov'
Ao 7, / TR (‘)fn()( rl- V, )
= —|Eq(2', ¢ v x Byi(r',t ge—,
o~ [E1(r', ') + V' x Bi(r'. t)] e

is a solution of VE.
This can be calculated by a direct integration, @fa1(x’.v'.t')

because the LHS is an exact differential dt’
t
' \ 1 Ofao(r' V)
far(r,v,1) = _ e [ [E(r'.t") +v' = By(r'. )] ~(jc_37r,”flt’
Ma v

+  far(r'(=00), V(=) t (=) .

fa1 has been found by integrating VE from —oc to ¢
along the path in (r,v) space that coincides with the particle orbit
in the equilibrium fields E, and B,,.

From f,; we calculate n,i(r,t) and V,i(r,t) andinsert to Maxwell’'s equations

JdBy
Vek = -1
o ot
1
V'El = ngaﬂm
¥
1 0B, ) \
V x Bl = erW +}U)Z(ja(”ava)l

[a

From here on we could proceed to solve an initial value problem.

Assuming that the Landau prescription is the correct way to deal with the
resonant integrals and that

Ei(r.t) = Ex, exp(ik - v — iwt) & far(r!, V't — —o0) = 0
For Tm(w) >0 r=t'—t, R=r'-r.
0
" qa n I Uf(nU(V/) [ ‘./
faw=—-" | (Exo +V x Biw) - —55— expli(k - R — wr)ldr
U « P

— 00

For Tm(w) <O, continue f,, analyticallyto the lower half-plane

Insert this to Maxwell’'s equations in the (w,k) space and eliminate By,
- K-E=0

Note that the cold plasmatheory is obtained by f(v) — 6(v)
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Example: Eo =By =0, fo = fo(v2) butconsider the 3D problem:
Define: Foo(u) = [ faod(u — k - V/M:H:lB-e'

Ex = (k- E)/|k|

E, = (kx E)/|k|

The dispersion equation gets the form

> . IJG
K, 0 0 E, Ky = IL " du
0 K, 0 Es =0 y
0 0 Ky Ey K -1 pa LlU du I
\k -5-2 W/|1‘|7“(u
clectrostatic modes : Kx=0 (E| =0) «— Landau solution, "longitudinal”

electromagnetic modes : I\’L =0 (Ex=0) «— ’transversal”

2 2 «
= k"¢ +Z pa[ \Hud“

For w > kvge = o? = k202 + u.‘pt.

the non-magnetized cold plasma EM wave

Uniformly magnetized plasma

. . (.92
By = Boe., Eo = 0, fao = fao(v],v))
Vp = V] COSQ, Uy = v SINQY, v, = Ul

Particle orbit:

VL . ., V1 .
(" =v, cos(p—wer) : ' =x——sin(¢ —w.T)+ —sing
w". We
/ . vl ;
Uy = UL sin(¢ — w,.T) s(d — weT) — Cos @
“we

w~

1

=7 : gil= oT +

Tointegrate f.x we need a result from mathematical methods:

| > Lo
exp (i J'.I L sin(¢p — vch)) e Z g, ( Lyl L) explin(¢ — w.t)]

We R c
n=—oc

Bessel functions of the first kind

Calculate a few pages =
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Bo makes the plasma anisotropic: Maxwellian — bi-Maxwellian

2 2

. Mo m,, Me v Y
fa0 = exp + 5
@ )7I'BT0L s H )/- JOJ_ TD”

The distinction electrostatic — electromagnetic is no more exact
E || k isin many cases a good approximation
but also EM modes can have an E component parallel to k

The Bessel functions introduce a harmonic mode structure w =~ nweq

The resonance « = k- v inisotropic plasmais replaced by w — rwe, = kv

Only the velocity component || By is involved in Landau damping
and only for &y # 0
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Perpendicular propagation

K., K., 0 E.
K,, K,, 0 | Ey | =0
0 0 K.. E~
1\2 " 2w J: f 0v L
K.=1- l ne —dv; =0
" RN /”"/Mw(,, it

This corresponds to the O-mode of cold plasma  w* ~ k%c* +w,

Anew set of electrostatic cyclotronwaves w = nwe, { 14+ 0 ;'_,’"‘2 (krpa )™
(both ion and electron waves) ‘
K,.. K.y

- , =0
=Koy Ky

The remaining modes are the solutions of: ’
Forthese E -k <« E x k corresponding to the X-modes of cold plasma

Another new set of modes with E-k > Exk

in the frequency bands (nwea. (1 + 1)wea) Bernstein modes

Perpendicular modes on dispersion surfaces

"electron modes” "ion modes”

ion Bernstein
1 modes

lower hybrid mode

electrostatic ion
cyclotron modes
(nearly perp.)

fast MHD mode
(magnetosonic)
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Parallel propagation ¢-o

At w < w, we find the Alfvén waves
kjva

2 9 — with the "cold plasma correction”
1+ v} /¢

Vlasov theory introduces damping also to the MHD modes
2

Whi 1 Tm; —-B? u;g,-
Wi === 27,21/ 3 XP A 3 2
‘LH| 1+ ("/I'A SkpT; Z;IQII(L'BT,' wy.

w — we;.from below: electromagnetic ion cyclotron wave (L mode)
damping by resonant ions

At higher frequencies we find the L and R modes (including whistlers)
Near . Whistler goes over to electromagnetic electron cyclotron wave

Note the difference of electromagnetic and electrostatic cyclotron waves:

Electromagnetic : k|| By «w =~ w.  no harmonic structure
Electrostatic : k1 By w=nw., harmonic structure

Parallel modes on dispersion surfaces

"electron modes” "ion modes”

i

wave
wave

EM electron °\_» .
cyclotron wav.e.}/:’
/ - ' ' EM ion /
whistler mode cyclotron wave i

Alfven wave
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