
QCD and Hadron Structure Fall 2008 Exercise 12

Session of Monday 24 November at 16.00-17.30 in aud A315.

1. (a) Verify the statement on Kubis p. II.10 that the φ3 and φ8 fields in the chiral lagrangian
mix according to
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]
(b) Show that the eigenvalues of the matrix in (a) determine the masses m2

π0 = B(mu +md)
and m2

η = B(mu +md + 4ms)/3, up to corrections of O ((mu −md)
2).

2. (a) Show using the classical equations of motion of the QCD lagrangian with a single massless
quark mass that ∂µj

µ
5 = 0, where the axial vector current jµ5 (x) = ψ̄(x)γµγ5ψ(x). Find

the expression for ∂µj
µ
5 also when the quark mass mq 6= 0.

(b) The Adler-Bell-Jackiw anomaly

∂µj
µ
5 = − e2

16π2
εαβµνFαβFµν

states that the axial vector current is not conserved at the operator (quantum) level even
when the quark mass vanishes. Show that the anomaly implies

∆NR −∆NL =
e2

2π2

∫
d4xE ·B

where NR =
∫
d3xψ†RψR is the total number of right-handed fermions, and similarly for L.

∆ refers to the change in number from x0 = −∞ to x0 = +∞, and E,B are the electric
and magnetic fields. [This is problem 19.1 of Peskin and Schroeder.]

3. The π0 → γ + γ decay width can be calculated from the Bell-Jackiw anomaly as described in,
e.g., section 19.3 of Peskin and Schroeder. The jµ3

5 component of the axial current, which can
annihilate a π0, has the electromagnetic anomaly

∂µj
µ3
5 = − e2

32π2
εαβµνFαβFµν (1)

where Fµν = ∂µAν − ∂νAµ is the QED field strength tensor. The matrix element of the current
between the vacuum and a state with 2 photons of momenta p and k (helicities not indicated
explicitly) has the form

〈p, k|jµ3
5 (q)|0〉 = ε∗ν(p)ε

∗
λ(k)Mµνλ(p, k) (2)

PTO



(a) Verify that the decomposition of the amplitude

Mµνλ(p, k) = qµενλαβ pαkβM1 + (εµναβkλ − εµλαβpν)kαpβM2

+ [(εµναβ pλ − εµλαβkν)kαpβ − εµνλσ(p− k)σ p · k]M3 (3)

where the invariant amplitudes Mi =Mi(q
2), is consistent with the constraints

(i) pνMµνλ(p, k) = kλMµνλ(p, k) = 0 (gauge invariance);
(ii) Mµνλ(p, k) =Mµλν(k, p) (identical photons);
(iii) Mµνλ(p, k) = ∓Mµνλ(k, p), with −(+) for µ = 0 (µ = 1, 2, 3) (parity invariance in
the q = 0 frame since p = −k and the polarization (axial) vectors do not change under
parity).

(b) Show that (3) implies

iqµMµνλ(p, k) = iq2ενλαβpαkβ(M1 +M3) (4)

and that using (1) one gets

iqµMµνλ(p, k) = 〈p, k|∂µjµ3
5 (q)|0〉 = − e2

4π2
ενλαβpαkβ (5)

(c) Either M1 or M3 must have a 1/q2 pole for (4) and (5) to be compatible. Only the
massless π0 propagator in 〈p, k|S|π0〉〈π0|jµ3

5 (q)|0〉 can give this pole. Using 〈π0|jµ3
5 (x)|0〉 =

ipµfπ exp(ip · x) and writing the pion decay amplitude

iM(π0 → 2γ) ≡ 〈p, k|S|π0〉 = iA ε∗ν(p)ε
∗
λ(k) ενλαβpαkβ (6)

show that the pion pole appears in M1 as

M1 = −ifπ
q2
A = i

e2

4π2

1

q2
(7)

(d) Recalling a factor 1/2 in the phase space integration due to the identical photons, and the
expression for the decay width into two particles given in Peskin et al, show that

Γ(π0 → 2γ) =
α2

64π3

m3
π

f 2
π

=
1

0.77 · 10−16 s

which is in good agreement with τexp = (0.84± .06) · 10−16 s.

Note: You can solve a later task without having done the previous ones.


