
QCD and Hadron Structure Exam 16.1 2009
Fall 2008 PTO for some formulas

1. Free quarks and gluons have not been observed in experiments. Discuss how the QCD
lagrangian can nevertheless be tested experimentally:

(a) Briefly explain what is meant by QCD factorization, and give an example.

(b) Give an example of how the spin and number of quark colors can be tested experi-
mentally.

(c) Draw all Feynman diagrams up to O (g1) of the hard subprocess amplitudes con-
tributing to DIS, ep → eX. Here g is the strong coupling (αs = g2/4π).

2. (a) Briefly explain what is meant by an ‘infrared safe observable”.

(b) The definition of thrust for an n-particle final state with momenta p1, . . . , pn is

Tn = max
u

∑n
i=1 |pi · u|∑n

i=1 |pi|
with |u| = 1

Show that Tn is infrared safe and determine its minimum and maximum value in the
limit n →∞.

(c) Why is thrust useful in comparing perturbative QCD calculations with data?

3. The quark transverse charge density in a hadron at transverse coordinate b⊥ is defined
as

ρ(b⊥) =

∫
d2q⊥
(2π)2

e−iq⊥·b⊥ 1

2p+
〈p+, 1

2
q⊥, λ| : J+(0) : |p+,−1

2
q⊥, λ〉 (1)

where p+ ≡ p0 + p3 is the light-front momentum, q⊥ the transverse momentum and λ the
helicity of the hadron, while J+(x) = q̄(x)γ+q(x) is the electromagnetic current operator.

(a) Show that the current operator is a density, i.e., that J+ = 2q†+q+, and express q+

in terms of the quark operator q.

(b) Use (1) to evaluate the transverse charge density of an electron at lowest in α.

4. (a) Express the u, d-quark lagrangian Lq =
∑

f=u,d q̄f (i /D−mf )qf in terms of the right-

and left-handed quark fields qR,L ≡ 1
2
(1± γ5)q.

(b) Show that when mu = md = 0 the lagrangian has a global U(2)× U(2) symmetry.

(c) Demonstrate that the currents jµ
R,L = q̄R,LγµqR,L and jµ,a

R,L = q̄R,LγµσaqR,L are con-
served (at the classical level), where the Pauli matrices σa operate on the flavour
spinors q =

(
qu

qd

)
.

(d) Which symmetries are conserved at the quantum level, and which are manifest in
the physical hadron spectrum?



Useful formulas

The free electron field is

eα(x) =

∫
dp+d2p⊥
(2π)32p+

∑
λ

[
bp,λuα(p, λ)e−ip·x + d†p,λvα(p, λ)eip·x

]
(2)

with
{

bp,λ, b
†
p′,λ′

}
=

{
dp,λ, d

†
p′,λ′

}
= (2π)32p+δ(p+ − p′+)δ2(p⊥ − p′

⊥).

The light-front spinors are

u(p, λ) =
1√
p+

(p/ + m)χ̃(λ)

ū(p, λ) =
1√
p+

χ†(λ)(p/ + m) (3)

v(p, λ) =
1√
p+

(p/ −m)χ̃(−λ)

v̄(p, λ) =
1√
p+

χ†(−λ)(p/ −m) (4)

where

χ̃(±)χ†(±) =
1

4
/n(1± γ5) (5)

and n = (n+, n−, n⊥) = (0, 2,0).

The Dirac matrices satisfy {γµ, γν} = 2gµν and γ5 = iγ0γ1γ2γ3 anticommutes with all the γµ.
The trace of an odd number of γ-matrices vanishes and

tr(1) = 4 (6)

tr(γµγν) = 4gµν (7)

tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ) (8)


















