QUANTUM MECHANICS II Spring 2012 Exercise 5

Session of Tuesday 21 February at 16-18 in aud A315

cos¢ sin¢
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Give the corresponding generator(s) of rotations.

1. (a) The SO(2) matrix R(¢) = ( ) specifies a rotation of & = (x1,z2)7.

(b) Show that R(¢) is equivalent to a reducible representation of the group U(1), by

i
finding a fixed V = (VT)~! such that Ug(¢) =V R(¢) VT = ( 60 egd) ) for all ¢.

Hint: You may use Woy = o3W for W = (1 +is- o) with s = (—1,1,1).
(c) For @ = (21,2) define X = x - o and show that X’ = Ug(¢) X UL (¢) specifies a

rotation of . Find the rotation angle.

2. The generators J* of a (compact semi-simple) Lie group satisfy the Lie algebra [J o J b} =
1CueJ¢, with structure constants Cy,. that are fully antisymmetric: Cupe = —Choe =
Chea - - - In the adjoint matrix representation the generators are given by (J%)se = iCupe.

(a) Use the Jacobi identity to show that the generators in the adjoint representation
satisfy the Lie algebra.

(b) The SU(2) structure constants are Cype = €ape (a,b,c = 1,2,3 with €193 = 1). Give
the generator matrices in the adjoint representation and the eigenvectors of .J3.

3. Consider the 2 x 2 matrix defined by U = (ag + i6 - @)/(ap — 0 - @), where ay is a real
number and @ is a three-dimensional vector with real components. In general, an SU(2)
matrix defines a rotation in three dimensions through the relation & - # = U& - #UT.

(a) Prove that U € SU(2), i.e., that U is unitary and unimodular (det U = 1).
(b) Determine the axis of rotation corresponding to U in terms of ag, d.

(c) Show that the angle ¢ of the rotation satisfies sin(¢/2) = 2ag|d|/(a3 + @) (the sign
depends on whether the rotation is considered to be active or passive).
Hint: You may choose U to be a rotation around the z-axis here.

4. Consider a sequence of Euler rotations represented by
DY (a, B,7) = exp(—iosa/2) exp(—ios3/2) exp(—iosy/2)

e @ 2c0s(8/2) —e MO 25in(3/2)
N e @M2gin(B/2)  e@tN/2cos(5/2)

Because of the group properties of rotations, we expect that this sequence of operations
is equivalent to a single rotation about some axis by an angle 6. Find 6.

Problems 3 and 4 is from J. J. Sakurai: Modern Quantum Mechanics, numbers 3.2 and 3.8,
respectively.



