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1. Consider the harmonic oscillator: H = H0+V (x) with H0 = p
2
/2m and V (x) = 1

2mω
2
x
2.

In the Interaction Picture (IP), the operator time dependence is defined by

xIP (t) = e
iH0t x e

−iH0t and pIP (t) = e
iH0t p e

−iH0t

whereas the states have the time dependence governed by

i
d

dt
|ψ, t� = VIP |ψ, t� where VIP = e

iH0t V e
−iH0t

(a) Express the position and momentum operators xIP (t), pIP (t) in terms of the (Schrödinger
picture) operators x, p. You may use the general commutation relation you derived
in problem 1 of Exercise 2.

(b) Explain why the above definition of the Interaction Picture is not natural for the
Harmonic Oscillator even for small ω, nor for any other potential V (x) which confines
the particle to a limited region.

2. (a) Express the Harmonic Oscillator VIP (defined above) in terms of the (Schrödinger)
operators x, p, using the general commutation relation you derived in problem 1 of
Exercise 2.

(b) Express VIP in terms of xIP (t), pIP (t). Could you have obtained this result in a
simpler way?

3. The propagator for the harmonic oscillator potential is

K(x, t > 0; x0, t = 0) =

�
mω

2πih̄ sin(ωt)
exp

�
imω

2h̄ sin(ωt)

�
(x2 + x

2
0) cos(ωt)− 2xx0

��

and K(x, t < 0; x0, 0) = 0.

(a) Show that limt→0+ K(x, t; x0, 0) = δ(x− x0).
Hint: Use limε→0 exp(ix2

/ε)/
√
iπε = δ(x).

(b) Show that for t > 0 K satisfies the Schrödinger equation

ih̄
∂

∂t
K(x, t; x0, 0) =

�

− h̄
2

2m

∂
2

∂x2
+ 1

2mω
2
x
2

�

K(x, t; x0, 0)

4. (a) According to the definition of the propagator, the wave function at time t is obtained
from the one at t = 0 as ψ(x, t) =

�
dx0K(x, t; x0, 0)ψ(x0, t = 0). Calculate ψ(x, t)

in the case of the harmonic oscillator, when ψ(x0, t = 0) =
�
mω

πh̄

�1/4
exp

�
−mω

2h̄ x
2
0

�
is

the ground state wave function. Motivate your result.

(b) Calculate the propagator trace G(t) ≡
�∞
−∞ dxK(x, t; x, 0) for the harmonic oscillator

and verify that G(t) =
�

n exp(−iEnt/h̄).
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